Abstract. For an arbitrary discrete group Γ and an n-dimensional complex representation R of Γ, we prove the existence of n linearly independent vector-valued automorphic forms for Γ with multiplier R. To this end, we realize these automorphic forms as sections of a rank n vector bundle attached to a 1-cocycle with coefficients in the sheaf GL(n, O X ), X being the quotient of the Poincaré half-plane by Γ completed with the cusps of Γ.
Introduction
Let Γ be a Fuchsian group, that is a discrete subgroup of PSL 2 (R) acting (properly and discontinuously) on the Poincaré half-plane H = {z ∈ C : Im z > 0}. Let R be an n-dimensional complex representation of Γ, that is a homomorphism R : Γ −→ GL(n, C) . A vector-valued automorphic form for Γ of multiplier R and real weight k is a meromorphic function F : H −→ C n satisfying (1.1)
where J γ (z) = cz + d if γ = * * c d . In addition, we require that at each cusp of Γ, F has a meromorphic behaviour to be made explicit in the next section. Also, the question of multivaluedness of (cz + d) k has to be addressed via multiplier systems.
The theory of vector-valued automorphic forms has been around for a long time, first, as a generalization of the classical theory of scalar automorphic forms, then as natural objects appearing in mathematics and physics. For instance, Selberg suggested vector-valued forms as a tool to study modular forms for finite index subgroups of the modular group [15] and they also appear as Jacobi forms [17, 3] . In physics, they appear as characters in rational conformal field theory [2, 5, 14] . In the last decade, there has been a growing interest in the study of vector-valued forms, and several important results have been obtained by various authors [1, 6, 9, 10, 11, 12, 13] . However, all that is found in the literature so far concerns only the typical case of Γ being the modular group SL 2 (Z) and the convenient condition that R 1 1 0 1 is unitary or diagonalizable. Recently, a generalization to the case of Γ being a Fuchsian group of genus zero was announced by T. Gannon, see [6] and the references therein. However, the mere existence of a nonzero vector-valued automorphic form beyond these cases is, so far, not established.
In this paper, we prove the existence of n linearly independent vector-valued automorphic forms for any Fuchsian group Γ and any representation R of Γ.
To be more precise, we will prove the existence of such forms in weight zero. The existence of nonzero weight k vector-valued automorphic forms follows from the existence of classical scalar automorphic forms of weight k for Γ (e.g. Poincaré series).
The machinery we adopt in our proof relies on the theory of differential equations over Riemann surfaces, and in particular on the solution to the Riemann-Hilbert problem for non-compact Riemann surfaces [4] , and on the Kodaira vanishing theorem for compact Riemann surfaces. It is worth mentioning that the use of the Riemann-Hilbert problem to construct vector-valued automorphic forms was initiated by T. Gannon [6] .
If Γ is a Fuchsian group, we let
Then we have an unbranched Galois covering of noncompact Riemann surfaces
for which the group of covering transformations is Γ. Using the concept of factor of automorphy for a differential equation (see Section 2.), we show that if R is a complex representation of Γ in GL(n, C), then there exists a holomorphic map Φ :
having R as a factor of automorphy, that is, for all γ ∈ Γ, we have
Essentially, Φ is a fundamental system of solutions to a differential equation on X ′ (Γ) of the form
where w : X ′ (Γ) −→ C n is holomorphic. This will allow us to construct a covering U of X(Γ) and a 1-cocycle (F ij ) ∈ Z 1 (U, GL(n, O)). To this cocycle, we associate the rank n holomorphic vector bundle
whose transition functions are given by the maps F ij . Using Kodaira's vanishing theorem, we construct n linearly independent meromorphic global sections in H 0 (X, M E ), M E being the sheaf of meromorphic sections of E, with a prescribed pole (at a cusp). These, in turn, when lifted to H and multiplied by a scalar automorphic form will lead to n linearly independent vector-valued automorphic forms for Γ of multiplier R.
Behaviour at the cusps
In this section we shall make explicit the behaviour of a meromorphic vectorvalued automorphic form at a cusp. We will restrict ourselves to the case of integral weights as the main results of this paper deal only with this case. The more general case of a real weight can be dealt with in the same manner with the help of multiplier systems.
Let Γ be a discrete group and R a representation of Γ in GL(n, C). From now on, we will denote the matrix R(γ), γ ∈ Γ, by R γ . Let F be a meromorphic function on H satisfying (1.1) and define the slash operator | k , k being an integer, by
If s is a cusp of Γ and α ∈ SL 2 (R) such that α · s = ∞. Then, using the notations of [16] , we have
with h being a positive real number referred to as the cusp width at s. If we set t h = 1 h 0 1 then t h = αγ s α −1 with Γ s = γ s being the fixing group of the cusp s inside Γ. Further, if we defineF := F | k α −1 , then we havẽ
If we set
Hence,
sF has a Laurent expansion in q h := exp(2πiz/h). We say that F is meromorphic at the cusp s if this Laurent expansion has the form n≥n 0 a n q n h , 0 < |q h | < r for some integer n 0 and some positive real number r. Also, F is said to be holomorphic (resp. cuspidal) if n 0 ≥ 0 (resp. n 0 > 0).
We adopt this behaviour at the cusps for all the vector-valued automorphic forms constructed in this paper. In fact, this method generalizes all other suggested ways in the literature. In particular, there is no need to ask that the matrices R t h should be unitary or diagonalizable.
Differential equations and automorphy
In this section we recall some facts on differential equations on Riemann surfaces and their monodromies. as well as the behaviour of the solutions under the action of the covering transformations of these Riemann surfaces. Our main reference is [4] . Let X be a Riemann surface and A ∈ M(n, Ω(X)) be a n × n matrix with coefficients in the space of holomorphic 1− forms on X. In other words, for any local chart (U, z) on X, one has A = F dz where F ∈ M(n, O(U)), O(U) being the set of holomorphic functions on U. We then consider the differential equation
with the unknown map w : X −→ C n being a holomorphic function on X. Locally on (U, z), this equation becomes
Suppose X is simply connected. For every x 0 ∈ X and c ∈ C n , there exists a unique w ∈ O(X) n solution to (3.1) satisfying w(x 0 ) = c.
For an arbitrary Riemann surface X, let p : X −→ X be its universal covering, x 0 ∈ X and y 0 ∈ X such that p(y 0 ) = x 0 . Then for each c ∈ C n , there exists a unique solution w ∈ O( X) n on X to the differential equation
In general, let L A be the set of all solutions w ∈ O( X) n to the differential equation (3.2) . Then L A is an n−dimensional complex vector space, and a family of solutions w 1 , . . . , w n form a basis if, for each a ∈ X, the vectors w 1 (a), . . . , w n (a) ∈ C n are linearly independent. In this case, we have an invertible matrix
The matrix Φ is called a fundamental system of solutions of the differential equation dw = Aw.
Let G := Deck ( X/X)) be the group of covering transformation of the covering p : X −→ X, that is the set of automorphisms of X that preserve the fibers of p. In our case, since the covering is universal, then G is isomorphic to π 1 (X), the fundamental group of X. For σ ∈ G, set σΦ = Φ • σ −1 . Then σΦ satisfies the equation (3.4) . In other words, we have d(σΦ) = (p * A)σΦ yielding another fundamental system of solutions. Therefore, there exists a constant matrix R σ ∈ GL(n, C) such that
If τ ∈ G is another covering transformation, it is clear that
Therefore, we have a representation R of G = π 1 (X) in GL(n, C).
In general, let p : Y −→ X be a holomorphic unbranched covering of Riemann surfaces and let G be the group of covering transformations. A holomorphic mapping Ψ : Y −→ GL(n, C) is called automorphic with constant factors of automorphy R σ ∈ GL(n, C) if
This defines a representation R of G in GL(n, C). In particular, according to (3.5), the fundamental system of solutions Φ is thus automorphic with R σ as factors of automorphy.
Conversely, suppose we are given a representation R of G = π 1 (X) in GL(n, C) and a holomorphic mapping Φ :
is invariant under covering transformations:
Therefore, there exists a matrix A ∈ M(n, Ω(X)) such that p * A = dΦ · Φ −1 . Moreover, Φ is a fundamental system of solutions of the differential equation dw = Aw.
In the following theorem, we will see that for a punctured disc and for any invertible matrix R, one can always find a differential equation whose solution has R as its factor of automorphy. Recall that on X, the logarithm function is well defined, that is, there exists a holomorphic function log : X −→ C such that exp • log = p where p : X −→ X is the universal covering of X.
Theorem 3.1.
[4] Suppose R ∈ GL(n, C) and B ∈ M(n, C) such that exp(2πiB) = R .
Then on X := {z ∈ C : 0 < |z| < R}, the holomorphic matrix Φ 0 (z) = exp(B log z) is a fundamental system of solutions of
on the universal covering p : X −→ X which has R as its factor of automorphy, i.e. σΦ 0 = Φ 0 R, σ being a generator of Deck ( X/X) such that σ log = 2πi + log .
Proof. This can be shown by straightforward calculations:
First, it is clear that Φ Notice that given the choice of σ, the group Deck ( X/X) is given by the monodromy group {σ n , n ∈ Z}.
The case of non-compact Riemann surfaces
Let Γ be a Fuchsian group, and let E be the set of its elliptic fixed points and C the set of its cusps in R ∪ {∞}. Define
Notice that both Γ\E and Γ\C are discrete closed sets, that are finite if Γ is a Fuchsian group of the first kind. If we set Y ′ = H − E, then we have an unbranched covering map π :
Since Γ acts properly and discontinuously on Y ′ , then the group of covering transformations is
Moreover, this is a Galois covering in the sense that for all y 1 and y 2 in Y ′ with π(y 1 ) = π(y 2 ), there exists σ ∈ Γ such σ(y 1 ) = y 2 .
The following theorem is a key tool in the solution of the Riemann-Hilbert for noncompact Riemann surfaces. For the sake of completeness, we include the proof from [4] adapted to our Riemann surfaces. Proof. Since π : Y ′ −→ X ′ is an unbranched Galois covering, there exists an open covering U = (U i ) i∈I of X ′ and homeomorphisms (also known as Γ−charts)
The mapping φ i is fiber-preserving and is compatible with the action of Γ in the sense that φ i (y) = (x, σ) implies φ(τ y) = (x, τ σ). In other words, the mapping
Since Ψ i is locally constant, it is holomorphic. Now, if y ∈ Y i and σ ∈ Γ, then
Therefore, Ψ i is automorphic on Y i with factors of automorphy R σ . If we set
, that is, the F ij is invariant under covering transformations and hence may be considered as an element of GL(n, O(U i ∩ U j )). Therefore, we have a cocycle
As X ′ is a noncompact Riemann surface, we have [4, 8] 
Therefore, there exist elements F i ∈ GL(n, O(U I )) such that
We now look at the F i as elements of GL(n, O(Y i )) that are invariant under covering transformations and set
. Then, for every σ ∈ Γ, we have
Thus, the Φ i 's define a global function Φ ∈ GL(n, O(Y ′ )) with σΦ = ΦR σ , σ ∈ Γ .
A cocycle with coefficients in the sheaf GL(n, O X )
Throughout this section, Γ is a Fuchsian group and R is a representation of Γ in GL(n, C). Recall the unbranched covering π : Y ′ −→ X ′ from the previous section. We will extend the previous constructions to the elliptic points and the cusps of Γ. Write Γ\(C ∪ E) = {a i } i≥1 for the discrete closed set of classes of cusps and elliptic fixed points in X. In particular, they correspond to inequivalent points a i in H ∪ R. For each a i we choose a neighborhood in X * (Γ) in the following way:
If a i is a cusp, let U i be a neighborhood of a i in X given by
where Γ a i is the stabilizer of a i in Γ and D a i is a horocycle in H tangent at a i [16] (if a i = ∞, this horocycle is a half plane). Here Γ a i is infinite cyclic. If a i is an elliptic fixed point, then U i is given by
where D a i is an open disc in H centered at a i . Here Γ a i is a finite cyclic group. Further, these neighborhoods can be taken such that for a i = a j , we have U i ∩ U j = ∅. Also, for each a i choose a chart z for X such that z(U i ) = D and z(a i ) = 0 where D is the unit disc.
We now set
is an open covering of X. Theorem 4.1 provides us with a R−automotphic map Φ : V 0 = Y ′ −→ GL(n, C) and we set Ψ 0 = Φ.
Proposition 5.1. If a i is a cusp and V i = π −1 (U i − {a i }), there exists a holomorphic map Ψ i : V i −→ GL(n, C) having the same automorphic behaviour as Ψ 0 |V i .
Proof. We have
Here we have a disjoint union of connected components Z γ = γD a i of V i and γ is a chosen representative of γ in Γ/Γ a i . Then
is a universal covering with the covering transformations given by the fundamental group
where γ i is a generator of Γ γa i . In case the cusp a i is at ∞, then this covering is isomorphic to the universal covering
where the chart is given by q = exp(2πiz/h), h being the cusp width at ∞ and
Using the chart z (or q when ∞ is a cusp for Γ) and Theorem 3.1, let
which is the same automorphic behaviour as the one for Ψ 0 | Zγ as the monodromy group of the differential equation given by Ψ 0 | Zγ is γ i . We define Ψ i on V i by
If a i is an elliptic fixed point and
there exists a holomorphic map
having the same automorphic behaviour as Ψ 0 |V i . Moreover, Ψ i is meromorphic at each point of π −1 {a i }.
Proof. If a i is the class of an elliptic fixed point a i in H, then
Here, the stabilizer Γ a i = γ i of finite order k i . Furthermore, we have
where the Z γ = γD * a i
are the connected components of V i . In the meantime, the unbranched covering
is isomorphic to the covering
for which the covering transformations are given by the group γ ′ i : z −→ ζ i z where ζ i is a primitive k i −th root of unity. Furthermore, since R k i γ i = 1, then R γ i is diagonalizable and for some P ∈ GL(n, C) we have
We have
Therefore,
we get
We now define Ψ i : In summary, we have a covering U = (U i ) i≥0 of X such that on V 0 = π −1 (U 0 ) we have a R−automotphic map Ψ 0 (Theorem 4.1), and on V i = π −1 (U i −{a i }), i ≥ 1, we have a holomorphic map Ψ i with the same automorphic behaviour as Ψ 0 | V i (Proposition 5.1 and Proposition 5.2). We now define the cocycle
Proof. We need to prove that the F ij 's can be considered as elements of GL(n, O(U i ∩ U j )). By construction, for i = 0 and j = 0 we have
We only need to prove that Ψ 0 Ψ is invariant under the action of Deck (Z γ /U i − {a i }), and so descends to GL(n, O(U 0 ∩ U i )). Therefore, there exists an element (
Vector-valued automorphic forms as sections of a vector bundle
In the previous section, we have constructed an open covering U = (U i ) i≥0 of the Riemann surface X = X(Γ) and a cocycle ( F ij ) ∈ Z 1 (U, GL(n, O)). There exists a holomorphic vector bundle p : E −→ X of rank n whose transition functions are the ( F ij ) [4] , [7] . We now choose a positive line bundle L −→ X which we may take to be one whose associated divisor is L = [P ] where P is an arbitrary fixed point on X. As Γ is a Fuchsian group of any kind, then X may or may not be compact. We first suppose that X is compact. Then, using Kodaira's vanishing theorem, there exists an integer µ 0 ≥ 0 such that for all µ ≥ µ 0 we have
For convenience, we will adopt the additive notation
Proposition 6.1. For each µ ≥ µ 0 , there are n linearly independent holomorphic sections of (µ + 1)[P ] + E.
Proof. We have an exact sequence
is the evaluation map and ((µ + 1)[P ] + E) P ∼ = C n is the fiber over P . This yields a long exact sequence
where the e i 's are the canonical basis vectors of C n . This yields n linearly independent sections of (µ + 1)[P ] + E. A section σ i ∈ H 0 (X, O((µ + 1)P + E)) can be viewed as a section in σ i ∈ H 0 (X − {P }, O(E)) having a pole of order at most µ + 1. Therefore, we have n linearly independent meromorphic sections of E with a pole of order at most µ + 1 at P . This is particularly true for µ = µ 0 .
If X is not compact, then it is a Stein variety [4] , and since O(E) is a coherent sheaf over X, then one can take µ 0 = 0 [8] , and we reach the same conclusion as above with a pole of order 1.
We now setΦ
and let
Moreover, A i has a pole of order at most µ + 1 at π −1 (P ) and it is holomorphic elsewhere including at cusps and elliptic fixed points away from P . On V i ∩ V j , as the F ij are the transition functions of the vector bundle E, we have
Therefore, A = (A i ) is globally well defined. If we initially place the point P at a cusp, then each A i is holomorphic on H and so does A defined by A| V i = A i . Each column of A provides a nonzero vector-valued automorphic form for Γ of multiplier R and we obtain the following:
Theorem 6.2. Let Γ be a Fuchsian group, and let R be a representation of Γ in GL(n, C). There exist n linearly independent vector-valued automorphic forms of weight 0 for the group Γ and multiplier R which are meromorphic at a cusp and holomorphic elsewhere.
For an arbitrary integral weight, we obtain existence results by multiplying by appropriate scalar automorphic forms for Γ provided they exist. Corollary 6.3. Let F i , 1 ≤ i ≤ n, be the linearly independent vector-valued automorphic forms constructed in the above theorem, then (1) if for an integer k, there is a scalar automorphic form f of weight k for Γ, then {f F 1 , . . . f F n } are linearly independent vector-valued automorphic forms of weight k for Γ of multiplier R.
(2) if there exists a holomorphic automorphic form f vanishing at the cusp where the F i 's have a pole, then, for some nonnegative integer r, {f r F 1 , . . . f r F n } are linearly independent holomorphic vector-valued automorphic forms for Γ of multiplier R.
Remark 6.4. The study of the dimensions and the structures of the spaces of these vector-valued automorphic forms will appear in a forthcoming work.
